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Abstract: The dynamic of electron densities in matter upon the interaction with an intense, few-cycle
electric field of light causes variety of nonlinear phenomena. Capturing the spatiotemporal dynamics
of electrons calls for isolated attosecond pulses in the X-ray regime, with sufficient flux to allow for:
(i) attosecond pump–attosecond probe spectroscopy; or (ii) four-dimensional imaging. Light field
synthesizers generate arbitrary sub-cycle, non-sinusoidal waveforms. They have a great potential to
overcome the limitations of current laser sources and to extend attosecond pulses towards the X-ray
regime. In this paper, we show theoretically how the achievable high-energy, high-power waveforms
from current light field synthesizers can be optimized to enhance the harmonic yield at high photon
energies and can serve as a promising source for scaling the photon energies of attosecond pulses.
We demonstrate that the simulated optimized, non-sinusoidal waveform in this work can increase
the photon flux of keV, attosecond pulses by five orders of magnitude compared to the achievable
flux from longer wavelength sources and at similar photon energies.
Keywords: ultrafast nonlinear optics; X-rays; soft X-rays; extreme ultraviolet; ultrafast lasers; ultrafast
spectroscopy
1. Introduction
On the very fundamental level, electron density oscillations in an atomic-scale environment
induced by intense light are the origin of many nonlinear phenomena. This induced electron density
can be steered and controlled which holds promise for dielectric optical switching at clock rates [1].
Controlling the electron density in solids benefit from the availability of a shorter driving field down
to sub-cycle duration. It is also of great interest to simultaneously study the spatiotemporal dynamics
of electrons. Therefore, these current studies benefit from the availability of sources which: (i) generate
sub-cycle pulses; and (ii) allow for simultaneous four-dimensional imaging of electron dynamics at its
ultimate resolution.
During the past decade, pump–probe attosecond spectroscopy, by means of synchronized
few-cycle pump pulses with extreme-ultraviolet (XUV), attosecond probe pulses, has enabled the
direct measurement of many fundamental processes [2]. However, resolving electron dynamics in
solids in their ultimate spatiotemporal resolution calls for extending the photon energy of isolated
attosecond pulses to X-rays, with sufficient photon flux for imaging.
Non-sinusoidal, sub-cycle waveforms can be generated by field synthesis of several few-cycle
pulses [3] and when the same source is used for generation of attosecond, X-ray pulses with sufficient
flux, sub-cycle nonlinearities and electron dynamics can be explored.
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In high harmonic generation (HHG), an increase in the period of the oscillating laser field leads
to the increase in the electron’s excursion time and therefore recollision energy and HHG cutoff.
The longer wavelength of the driving field results in a higher excursion time τex ∝ λ0 of the freed
electrons. However, quantum diffusion scales with λ−5 to λ−7, which dramatically reduces the
recombination probability with the parent ion (∝ τ−3) and thus the yield of the harmonic radiation at
keV photon energies [4].
On the other hand, the HHG cutoff scales linearly with the laser’s peak intensity. However,
increasing the peak intensity of pulses containing more than one optical cycle leads to undesired
pre-ionization of the gas atoms, causing depletion of their ground state, reducing the phase-matching
during pulse propagation and ultimately leading to an exponential drop in harmonic yield [5,6].
High peak intensity also causes spatiotemporal distortions within the driving pulse. Defocusing
and self-phase modulation reduces the peak intensity as the pulse propagates through the gas, thereby
reducing the yield of high energy photons [7,8]. In addition, the HHG yield depends on the coherent
build-up of radiation emitted from many atoms, which is optimal when both the driving pulse and
the generated light travel in phase through the medium. This condition is achieved when the positive
dispersion of the neutral gas is balanced by the negative dispersion of the free electrons. However,
this is only possible below a critical ionization rate, therefore favouring long wavelength driving fields,
as they require a lower intensity to generate a specific cutoff energy. Generation of excessive free
electrons in the medium at high peak intensity results in a phase mismatch [9].
The quantum phase of the electron wavefunction returning to the core can be optimized by
shaping the laser field to enhance a particular harmonic feature or the intra-atomic phase matching.
Therefore, the yield and efficiency of the HHG process can be increased by synthesis of two or three
color sinusoidal pulses [10–13] due to the enhanced tunnel ionization [14,15]. However, this approach
suffers from pre-ionization and ground state depletion, due to the multiple field cycles in the interfering
pulses and their incomplete destructive field interference over tens of femtoseconds out of the temporal
window of interest for HHG. Non-sinusoidal waveforms can be generated by field synthesis of
few-cycle pulses at different central frequencies to confine the field’s energy and therefore ionization
within a single cycle electric field.
To overcome these barriers and to push HHG cutoff energies beyond the keV levels, all the
above-mentioned parameters must be carefully tailored and optimized. Despite preliminary studies
on the waveform synthesis of few-cycle pulses [6,13,16], there has not been systematic investigation on
optimized drivers for generating isolated attosecond pulses in the X-ray regime.
In this work, we address how temporal field synthesis of a few-cycle pulse at 2µm with weaker
few-cycle pulses at the second and third harmonic of its carrier frequency leads to a non-sinusoidal
temporal shape which fulfills the above-mentioned criteria. Field synthesis of few-cycle pulses
allows for tailoring of the light’s electric field at sub-cycle scale and consequently controlling electron
trajectories and optimization of harmonic yields. In this study, our focus will be on generation of
isolated attosecond pulses. Even though we limited ourselves to the dipole response of a single atom,
the ionization rate caused by each waveform is also optimized, as it is of great importance when
considering propagation and phase-matching in the gas.
Non-sinusoidal waveforms, scalable in average-power and energy, can be generated from
waveform synthesizers based on Yb:YAG laser technology [17–19]. Here, a high-energy, high-power
Yb:YAG laser serves as the pump source [20]. A multi-octave, low-energy seed spectrum with a
carrier-envelope phase stability is generated directly from the Yb:YAG amplifier [21] and divided to
several spectral regions by using a broadband beam splitter [22]. Each spectral region is amplified to
higher energies in multi-stage optical parametric amplifiers pumped by different harmonics of the
Yb:YAG amplifier [23]. Eventually, the broadband amplified pulses are compressed into few-cycle
pulses, and coherently recombined (see Figure 1). This laser structure serves as a promising tool for
extending the HHG cutoff to keV photon energies, as here: (i) the addition of the longer wavelengths
to the driving field enables the recollision of accelerated electrons with more energy; (ii) confining the
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multioctave field down to a single field cycle at multi-terawatt peak power level enables full control
over ionization [24]; and (iii) tailoring the chirp of the waveform allows for better control of tunneling
ionization, releasing the electrons and of their subsequent sub-cycle trajectories.
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Figure 1. Schematic architecture of a three-channel optical parametric chirped pulse amplifier (OPCPA)
field synthesizer seeded and pumped by picosecond Yb:YAG lasers. A part of the output of the Yb:YAG
amplifier is used for generating a phase-stable multi-octave super-continuum seed, which is then split
into three channels, centered at 550 nm, 1µm and 2µm, respectively. The different channels are pumped
by different harmonics of the multi-mJ level kHz, Yb:YAG regenerative amplifier output. Each channel
supports few-cycle pulses. By coherently combining the three few-cycle channels, light transients
spanning from 0.45 to 2.7µm can be generated (1). The sub-cycle waveforms can be furthermore
extended to far-infrared by difference frequency generation (DFG) of the seed pulses (2). The figure is
adopted from [17]. FIR: far-infrared; MIR: mid-infrared; NIR: near-infrared; VIS: visible; SHG: second
harmonic generation; SFG: sum frequency generation.
Figure 2 compares the single dipole response of a 5 fs, Gaussian pulse at 800 nm achievable from
the current Ti:Sa laser technology with the dipole response of the sub-cycle waveform generated
from a similar laser structure discussed in Fattahi et al. [18]. The spectra used for generation of
such a waveform are shown in Figure 2a, with broadband spectra centered at 540 nm (visible (VIS),
880 nm (near-infrared (NIR), and 2.1µm (mid-infrared(MIR). The energy distribution between the
three spectra for the shown synthesized waveform in Figure 2b is (VIS:NIR:MIR) 0.3:0.85:1, which is
the dictated ratio for having the maximum optical-to-optical conversion efficiency from the described
laser structure. The three spectra with zero spectral phase, are coherently combined at zero delay and
the carrier-envelope phase (CEP) of the resulting waveform is scanned for generation of the highest
cutoff energy. For this simulation, we used a nonadiabatic model based on the modified Lewenstein
model [25–27].
At the similar peak intensity of 52.8 × 1014 W/cm2 and when both waveforms have interacted
with He, the HHG spectrum of the sub-cycle waveform reaches 1.7 keV, generating a 1.7 times higher
cutoff than the Gaussian pulses at 800 nm (Figure 2c).
As it is shown in the spectrogram of the light-transient in Figure 2c, the substantial ionization
is limited to one optical half-cycle, obviating the need for spectral filtering or sophisticated gating
techniques which are limiting the obtainable bandwidth. However, in this case, a fraction of about 70%
of the atom is ionized. The presented calculation shows that although sub-cycle pulses are required
and interesting for many pump–probe experiments, they are not the optimal approach for generating
keV photons.
Appl. Sci. 2018, 8, 728 4 of 11
Time [fs] Time [fs]
E(
t) 
-10 -5 0 5 10-1
0
1
b)
-10 -5 0 5 10
0.2 0.6 1.0 1.4 1.8
In
te
ns
ity
 [a
rb
. u
ni
ts
]
10-15
10-10
10-20
10-25
Energy [keV]
En
er
gy
 [k
eV
]
0.2
0.6
1.0
1.4
1.8
-10 -5 0 5 10
Fr
ac
tio
n 
of
 Io
ni
ze
d 
At
om
s 80
60
40
20
0
Time [fs]
c)
-14
-16
-18
-20
-22
-24
-12
In
te
ns
ity
 
0.4 0.5 0.6 0.7 0.6 0.8 1.0 1.2 1.41.5 2.0 2.5 3.0
1
0
-1
-20 -10 0 10 20
0
0.4
0.8
-20 -10 0 10 20 -20 -10 0 10 20
E(
t) 
Time [fs]
Wavelength [μm]a)
t=4.21 fs t=4.85 fs  t=11.54 fs
686 nm343 nm152 nm
Figure 2. (a) Calculated spectral intensity of pulses achievable from an OPCPA based field synthesizer
(top) and their corresponding Fourier transform limited electric field (bottom). (b) The electric field of
a Gaussian, 5 fs pulses at 800 nm (left) and the synthesized pulse from the spectra shown in (a) with
an energy ratio of 0.3:0.85:1. (c) Overlaid HHG spectra of the 5 fs pulses at the central wavelength of
800 nm and 60◦ carrier-envelope phase (CEP), and the synthesized pulses at the CEP of 67◦, interacting
with He (left). The spectrogram of the synthesized pulse and the induced rate of ionization (black) in
He (right).
2. Method
Based on temporal or spectral synthesis, arbitrary non-sinusoidal waveforms can be generated by
superimposing several pulses at different carrier frequencies and with different amplitude and phase.
Therefore, the relative energy or temporal delay of several few-cycle pulses can be varied to generate
different waveforms as shown in Figure 3.
2.1. Dipole Response Calculation
For finding the optimum waveform for keV photon generation, we calculated the single-dipole
response of He gas in interaction with different waveforms. We chose 15×1014 W/cm2 peak intensity
for the following simulations to keep the total ionization below the critical ionization level of
helium [28].
The time axis for the dipole response calculation was defined in co-moving coordinates as
tcmc = 2pi(−twin : 1/tstep : twin), (1)
where twin = pxc/λ was calculated from the time axis limits px in fs that were to be resolved and tstep
determines the number of calculated harmonics. To reduce simulation time, both values should be
chosen as low as possible. For this reason, twin = 40 fs and twin = 75 fs was used for pulses without
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and with delay, respectively, and tstep was chosen such that a specific energy of the harmonic radiation
could be resolved. The parameters for the time integration in the Lewenstein model were chosen such
that contributions of both long and short trajectory electrons are included [25].
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Figure 3. Detailed setup of the temporal synthesis of the VIS, NIR and MIR pulses. The amplified
spectra of all three OPCPA channels centered at 0.55µm, 1µm, and 2µm are first sent through a delay
line to achieve a temporal overlap between the synthesizer’s three arms. Thereafter, the temporally
synchronized pulses are compressed to their Fourier transform limit in each arm separately using a set
of broadband dielectric chirped mirrors. After passing through a pair of glass wedges to fine tune the
relative delay between each arm the three compressed pulses are spatially combined in two broadband
dielectric beam combiners. The generated light transients are evaluated using attosecond streaking [29]
or electro-optic sampling [30]. By adjusting the relative spectral amplitude of each arm (A1, A2, A3)
and their relative phase (τ1, τ2, τ3), a variety of transients can be generated. As examples, Panels (a–c)
show three differently synthesized transients. The figure is adopted from [17].
The cutoff energy was taken as the last point in the dipole response spectrum before the intensity
drops below 10−23 and the harmonic yield was calculated as the maximum of the last peak in the high
harmonic spectrum.
2.2. Pulse Synthesis
Three realistic spectra [18] centered in the VIS at 540 nm, the NIR at 880 nm and the MIR at
2.1 µm were used for the pulse synthesis. Before they were combined, each individual spectrum was
normalized to its energy content and then multiplied by a factor between 0 and 1 to define the energy
ratio between them. The delay between the pulses was set by adding a linear term in the spectral phase
to the individual spectra. Here, it was ensured that they still overlapped, thus forming a single pulse.
Afterwards, the spectra were combined and the overall CEP of the resulting waveform was altered by
adding a zero order phase. The pulse in time-domain was calculated by the fast Fourier transform of
the combined spectrum. To ensure a constant peak intensity of 15×1014 W/cm2, each waveform was
normalized to the maximum of its electric field envelope.
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2.3. Scanning the Amplitude and the Delay
The influence of the energy ratio and the delay between the three channels on the resulting high
harmonic radiation were first analyzed individually. To this end, the amplitude of each channel was
scanned from 0.1 to 1 with a step size of 0.05. For selected amplitude ratios, the delay between the
three channels was then altered from −8 fs to +8 fs with a step size of 0.25 fs. Here, each delay setting
was shifted in time to be centered around t = 0 to avoid cutting the pulse with the specified time
window (Equation (1)).
To find waveforms leading to a cutoff energy above 1 keV, both energy ratio and delay were
scanned simultaneously. Based on our initial analysis, the MIR amplitude was varied from 0.6 to 1
with a step size of 0.2, while both VIS and NIR were scanned from 0.1 to 0.4 with a step size of 0.1.
The delay was scanned from −6 to +6 fs with a step size of 0.3 fs. To reduce the calculation time,
the scan was performed in two steps. First, the dipole response was only calculated up to an energy of
1 keV to eliminate amplitude and delay combinations resulting in sub-keV cutoff energies. The second
step was to calculate the full dipole response of the remaining waveforms up to an energy of 1.7 keV.
2.4. Ionization Rate
As the driving field’s photon energies used in this study lie well below the ionization potential of
helium, the rate of tunnel ionization can be calculated analytically in the static field approximation.
Therefore, the empirical formula proposed by Tong and Lin [26] was used, which corresponds to a
correction of the analytical Ammosov–Delone–Krainov (ADK) formula for tunnel ionization, extending
it to higher intensities. This is also implemented in the HHG [25] framework and has been shown to
work very well for long wavelength driving fields in Helium [26].
2.5. Spectrogram
The spectrogram of the harmonic radiation was calculated by scanning a Gaussian gate of the form
g(t) = exp
[
−1
2
(
t− t0
τg
)2]
(2)
with a time constant τg = 60 as across the pulse. The central position of the gate (t0) was therefore
moved within a time window of 25 fs and a step size of 20 as for pulses without delay. For waveforms
that included a delay, the time window was increased to 45 fs with a step size of 50 as.
2.6. Electron Trajectories
The emitted photons from the recolliding electrons with long trajectories have a lower contribution
in the coherent build up and formation of the macroscopic high harmonic spectrum, as long trajectories
have a steeper intensity dependent phase [31]. Therefore, the dipole response was recalculated
including only short trajectory electrons.
3. Results and Discussion
Figure 4a shows how the HHG cutoff, ionization fraction, and yield is affected when changing the
relative amplitude between the three superimposed pulses. The energy ratio between the three pulses
is varied from 10% to 100%. It can be observed that, while the ionization fraction for different energy
ratios changes by less than 7%, the harmonic yield varies over more than eight orders of magnitude.
This simulation loop identifies the amplitude ratio of (VIS:NIR:MIR) 0.1:0.1:1 as the optimum ratio to
generate the highest cutoff energy. The inset in Figure 4 shows the waveform generating the highest
cutoff. The dominant role of the MIR in extending the cutoff was expected, due to the higher electron
excursion time.
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Figure 4. Relation between cutoff energy, ionization rate and harmonic yield for different: (a) energy
ratio of the superimposed few-cycle pulses at zero delay; and (b) energies and delays. The highest cutoff
energy (marked in Panel (a) with a red circle) corresponds to a waveform with energy ratio of 0.1:0.1:1.
Inset shows the temporal electric field of the best waveform at zero delay. (c) The optimized and
experimentally interesting waveforms in this energy region are marked in green and blue, respectively.
The logarithmic color scale represents the harmonic yield in all three panels.
Figure 4b shows how the ionization fraction, cutoff, and yield varies when scanning the relative
amplitude and delay of the superimposed pulses simultaneously. It can be seen that, unlike the results
shown in Figure 4a, the ionization rate varies dramatically for different inter-pulse delays. In Figure 4c,
the yield and energy of different waveforms for a small energy interval of 20 eV at 1.4 keV is shown.
Our model enabled us to identify the optimum waveform in terms of the harmonic yield and ionization
rate which is marked with a green circle. The waveform has an amplitude ratio of 0.1:0.1:1 and the
relative delay of −6:3.6:−0.3 (fs). In addition, the other waveform marked with a blue circle is of
particular interest, since it contains a relatively high amount of NIR pulses. This is an important factor
as: (i) the quantum diffusion for such a waveform is smaller; and (ii) optical parametric amplifiers and
optical components work more efficiently in this spectral region.
Figure 5a,b illustrates the electric fields, ionization rates, and corresponding spectrograms of
the optimized (green circle) and experimentally interesting (blue circle) waveforms. Both waveforms
follow a similar trend: having a less than one-cycle MIR pulse, modulated on either the leading or
trailing edge, or both edges by the fast oscillating fields in the NIR and VIS. This leads to a suppression
of the electric field, except at the sub-cycle part of the electric field, which has a major role in generating
the highest harmonics. In addition, the ionization rate prior to the arrival of the main sub-cycle of the
electric field, and the launch as well as recollision of the high-energy trajectories, are controlled.
As shown in Figure 4b, at a relative inter-pulse delay of −6:−1.5:5.5 (fs), the maximum photon
energy of over 1.7 keV, with an ionization rate of 25% is reached. Compared to the light transient
shown in Figure 2, this waveform leads to an order of magnitude higher harmonic yield and three
time less ionization rate.
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Figure 5. Electric field, ionization rate (left) and the spectrogram (right) of optimized waveforms
with: (a) 0.1:0.1:1 energy ratio at −6:3.6:−0.3 (fs) delay generating 1.4 keV; (b) 0.1:0.3:1 energy ratio
at −2.7:−6:4.8 (fs) delay generating 1.4 keV; and (c) 0.1:0.1:1 energy ratio at −6:−1.5:5.4 (fs) delay
generating 1.7 keV. The logarithmic color scale in both panels represents the harmonic yield.
Table 1 compares the ionization rate, required peak intensity, and the harmonic yield for generating
1.7 keV isolated attosecond pulse, for six different cases. The driving field in case 1 is a 20 fs Gaussian
pulse at 4µm. Such short pulses at 4µm are not yet available, however it can be seen how the harmonic
yield in this case drops dramatically. case 2 shows the results of the sub-cycle waveform described
in [6], with 90% ionization rate. Case 3 shows the results of the sub-cycle waveform described in [18],
at a higher peak intensity and ionization rate, compared to the other cases. In case 4, a synthesized
waveform driven from the spectra shown Figure 2 with the amplitude ratio of 0.1:0:1 and the relative
delay of −6:0:5.4 (fs) is considered. Case 5 describes the response of a 11.5 fs Gaussian pulse centered
at 2µm. The two waveforms present four times higher yield compared to the other cases but an about
two times higher yield can be achieved in case 6 which is driven by the optimized waveform calculated
in this work.
Table 1. Comparison of the single dipole response of different waveforms interacting with He,
for generation of isolated attosecond pulses at 1.7 keV photon energies. The driver pulses in each case
are as follows: Case 1: 20 fs, Gaussian pulses at 4µm. Case 2: 1 fs sub-cycle pulses centered at 540 nm
discussed in [6]. Case 3 Sub-cycle pulse from the laser architecture discussed in [18] and shown in
Figure 1. Case 4: The optimized synthesized pulses considering only the VIS and MIR channels of the
synthesizer shown in Figure 1. This case shows the influence of the NIR channel. Case 5: Gaussian
11.5 fs pulses at 2µm. Case 6: The optimized waveform (see Figure 5c) from the three channels of
synthesizer shown in Figure 1. It can be seen that the optimized synthesized waveform has the highest
yield with a seemingly low ionization rate.
Case Ionization Rate Intensity (×1014) Yield (arb. Units)
1 0.01% 3.5 0.0006
2 99% 52.8 1.05
3 70% 52.8 1.05
4 16% 13.9 41
5 17.4% 13.5 46
6 24.5% 15 78
4. Conclusions
In conclusion, we demonstrated the prominent role of few-cycle pulse synthesis for optimizing
the generation of isolated attosecond pulses at keV photon energies via HHG. We have shown that,
in a sub-cycle pulse, the total electric field is confined to a sub-cycle period which results in an abrupt
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onset of ionization within a single half-cycle [16]. However, they are not the optimum shape of the
waveform for HHG at keV photon energies. The increase in harmonic yield in our optimized waveform
for generating isolated attosecond pulses at 1.7 keV is due to the increased ionization within the main
sub-cycle field and modification of the electron trajectories to have an earlier return time [32].
Our study shows that by moving the center of mass of the waveform’s spectrum to longer
wavelengths, the cutoff is increased. Using the optimized waveform for HHG suppresses the ionization
probability. This is a major advantage for efficiently generating isolated attosecond pulses, as it allows
for the most appropriate phase matching and energy-scaling schemes.
Here, the generation of attosecond pulses benefits from the minimum ionization prior the arrival
of the main electric field’s sub-cycle, which minimizes the density of free electrons and, hence,
the distortion of the driving wave and its dephasing with the generated harmonic wave. As a result,
the coherent build up of the harmonic emission over an extended propagation is maximized.
In addition, the probability of ionization outside the central cycle is more than two orders of magnitude
lower than that at the field maximum and hence is negligible.
Our study shows how the synthesis of multi-color broadband spectra enables fine tuning of
the electron trajectories leading to the enhancement of the high harmonic yield and extension of
the cutoff beyond what is achievable from the synthesis of semi-monochromatic fields at discrete
frequencies [33–35].
Compared to the waveform in [6], the optimized waveform has a longer propagation length in
the macroscopic scale due to the lower dispersion at a higher wavelength. This holds promise for
compensation of the rapidly decreasing microscopic single-atom yield, by optimizing the dispersion of
the free-electron plasma [28].
The generated sub-cycle pulses in Figure 2, with 1 fs temporal duration at their FWHM, combined
with the X-ray pulses which can be driven from the discussed optimized waveforms and from the
same source, can serve as an ideal fronted for investigating spatiotemporal electron dynamics in solids.
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